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ABSTRACT: We develop a field-theoretic model for equilibrium polymers in good solvent. Using the Gaussian
chain model, we present a derivation in the grand canonical ensemble in which the parameters are the monomer
chemical potentialµM, the excluded volume parameteru0, and the energy decrease for forming a bond 2h. Only
the quantityΓ, which is proportional tou0e-2h, matters in determining the mean-field solution. For a bulk system,
the homogeneous mean-field solution gives an exponential polymer length distribution with a characteristic length
that decreases with increasingΓ. Moreover, the extent of polymer overlap in a semi-dilute solution decreases
with increasing density in the mean-field approximation. We study the inhomogeneous properties of equilibrium
polymers confined between two parallel repulsive plates with numerical self-consistent field theory. The polymer
length distribution is exponential for allL, the dimensionless distance between the plates. For smallL, the
characteristic polymer length of the exponential distribution scales asL2, which is ideal equilibrium polymer
behavior. For any fixedL, the characteristic length approaches the bulk characteristic length asΓ increases. We
also find thatR, the ratio of the volume-averaged confined density to the bulk density, decreases monotonically
with decreasingΓ andL. As u0 f 0, our data converge to previous analytic results for ideal equilibrium polymers.

1. Introduction

An equilibrium polymer system consists of monomers or short
oligomers that each have two bonding groups on opposite ends
of the molecule. The reaction of two bonding groups on different
monomers to form a bond is in chemical equilibrium, so
monomers can self-assemble to form linear and cyclic polymers.
Figure 1 shows a schematic drawing of an equilibrium polymer
system. Examples of equilibrium polymers include DNA tiles9

and so-called giant micelles4 which are surfactant systems that
form long tubelike micelles that can break and recombine at
any point along the micelle. Equilibrium polymers differ from
“living polymers” in that reversible polymerization occurs only
after an initiation step in the latter.15 The concentration of
initiators greatly affects the thermodynamics of living polymers6-8

while there is no initiation step for equilibrium polymers.
Recently, Meijer and co-workers made synthetic equilibrium

polymers by attaching reversible bonding groups consisting of
four hydrogen bonding moieties on both ends of linear oligo-
mers.22 At a low temperature, the energy of the bonding groups
dominated the thermodynamics, which resulted in long poly-
mers. At a high temperature, the system consisted of mostly
unbonded oligomers due to the large translational entropy of
this system. The viscosity of the solution at these two temper-
atures differed by orders of magnitude, and temperature could
be used to reversibly control the viscosity between these
extremes. These initial experiments highlighted the exciting
technological opportunities for using these synthetic bonding
groups to design polymeric materials whose properties can be
tuned with temperature.2

If the reversible bonding occurs on an experimental time
scale, then an equilibrium polymer system exhibits an annealed

polydispersity. The polymer length distribution is determined
solely by the chemical equilibrium of the bonding reaction, not
by the conditions of the initial synthesis of the polymers.
Consider the polymer length distribution of an equilibrium
polymer system that does not form cyclic polymers. If the
bonding reaction occurs independently of the number of
monomers attached to the two bonding monomers, then the
polymer length distribution is exponential. This has been
predicted by analytic theory3 as well as confirmed in particle-
based simulations26 and recent experiments using optical
microscopy to measure the length distribution of DNA tiles.9

However, we note that scaling arguments predict nonexponential
length distributions in the semi-dilute regime.26

In this paper, we consider the confinement of equilibrium
polymers, which is an interesting scientific question that also
has potential applications in controlling the aggregation of* Corresponding author. E-mail: efeng@statmech.org.

Figure 1. In this schematic drawing of an equilibrium polymer, the
large open circles represent monomers while the small filled circles
represent bonding groups. The vertical lines symbolize the repulsive
walls that confine the equilibrium polymer.
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colloidal dispersions. The literature on confined equilibrium
polymers began with Schmitt et al., who provided an analytic
mean-field treatment of dilute, ideal polymers between two
repulsive parallel plates.21 van der Gucht, Besseling, and Fleer
extended this formalism to account for attractive walls and
obtained exact results for numerous quantities including the
density profile and average polymer length.24 These three authors
have also developed self-consistent field theories for two distinct
models of equilibrium polymers at interfaces.23,25Monte Carlo
studies of confined equilibrium polymers have been based on a
q-state Potts model.17 Milchev and Landau explored the polymer
length distribution and density profiles for a fixed width between
the plates18 while Rouault and Milchev studied the dependence
of the average polymer length on this width.19

Here, we introduce a new field-theoretic model for equilib-
rium polymers based on the Gaussian chain model for flexible
polymers. In this coarse-grained description, the polymer
segments interact through an excluded volume potential, and
there is an energy of bonding when two monomers form a bond.
While previous authors have used field-theoretic models to study
equilibrium polymers at interfaces,25 our model is useful in
studying both bulk and interfacial properties and does not
assume an exponential length distribution. It is most convenient
to derive this model in the grand canonical ensemble. In the
mean-field approximation, we give analytic results for a
homogeneous bulk system. For equilibrium polymers in con-
finement, quantities such as the density become inhomogeneous,
and numerical methods are needed. We use field-theoretic
computer simulations in the mean-field approximation to study
the polymer length distribution and the density profile for
equilibrium polymers confined between two repulsive parallel
plates, the situation depicted schematically in Figure 1.

The paper has the following organization: Section 2 formu-
lates the field-theoretic model and gives expressions for the
density and polymer length distribution. We develop the mean-
field solution for a homogeneous bulk system and devise scaling
arguments for confined equilibrium polymers in section 3, while
section 4 outlines the numerical methods used to study equi-
librium polymers confined between two repulsive parallel plates.
We show our results for confined equilibrium polymers in
section 5 and conclude with a discussion of future uses for this
model in section 6.

2. Equilibrium Polymer Model

We formulate a discrete Gaussian chain model for equilibrium
polymers in the grand canonical ensemble with fixed monomer
chemical potentialµM, volumeV, and temperatureT. A state
of the system is described by the positions and momenta ofnM

monomers and their connectivity into linear polymers; we
exclude ring formation in our model for simplicity. The
connectivity is described by{n(NB)}≡ {n(1), n(2), ...,n(nM)},
a set of nonnegative integers that gives the number of polymers
with NB ) 1, 2, ..., nM monomers. Each monomer along a
polymer corresponds to a bead in the discrete Gaussian chain
model, and the spring between two bonded monomers has a
harmonic stretching energy. The grand canonical partition
function is

wherer i denotes the position of thei monomer and the starred
summation over{n(NB)} implies a summation over all sets of
nonnegative integersn(1), n(2), ...,n(nM) such that

Also,

is the number of ways of arrangingnM distinguishable monomers
into n(1) indistinguishable monomers,n(2) indistinguishable
dimers,n(3) indistinguishable polymers with three monomers,
etc., and U0(nM;{n(NB)}) is the harmonic potential for a
configuration in which the firstn(1) monomers are unbonded,
the next 2n(2) monomers form dimers, etc. For example

for a system with three monomers that form a polymer with
three monomers. Here,b is the root-mean-square length between
two bonded monomers. For each possible{n(NB)}, we write
down a configuration integral for one arrangement of monomers
and then multiply byC(nM;{n(NB)}) to account for all possible
ways thatnM monomers can form a set of polymers described
by {n(NB)} in which polymers of the same length are indistin-
guishable. We also include an excluded volume potential
parametrized byu0 > 0 for a good solvent; the microscopic
density is

Also, there is an energyh in units of kT for each unsatisfied
bonding group, which models the chemical equilibrium of the
bond formation reaction. Whileh > 0 implies a decrease in
energy upon bonding, this parameter can be any real number.
This bonding energy is proportional to the number of polymers

Lastly, λT is the de Broglie wavelength that arises from a one-
dimensional momentum integration.

We decouple the excluded volume interactions with a standard
Hubbard-Stratonovich transformation; this introduces a func-
tional integral overw(r ), a chemical potential field conjugate
to the density. Also, we replace the two discrete summations
in eq 1 with summations over the number of polymers withNB

monomers:

Since the starred summation implies eq 2, it is straightforward
to show the equivalence of the two sets of summations. Using
eqs 4 and 2, the partition function becomes

¥(µM,V,T) ) ∑
nM)0

∞ 1

nM!
∑

{n(NB)}

* ∫dr1...drnM
×

C(nM;{n(NB)})e-U0(nM;{n(NB)})-(u0/2)∫F̂(r )2dr-2hnP
eµMnM

λT
3nM

(1)

∑
NB)1

nM

NBn(NB) ) nM (2)

C(nM;{n(NB)}) )
nM!

n(1)!n(2)!‚‚‚n(nM)!

U0(3;{0,0,1}) ) 3

2b2
|r1 - r2|2 + 3

2b2
|r2 - r3|2 (3)

F̂(r ) ) ∑
i)1

nM

δ(r - r i)

nP ) ∑
NB)1

∞

n(NB) (4)

∑
nM)1

∞

∑
{n(NB)}

*

T ∑
n(1),n(2),...)0

∞
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where∫Dw denotes a functional integration over thew(r ) field
and

is the normalized single chain partition function of a polymer
with NB monomers in an external fieldiw(r ) such that
Q(NB;[0]) ) 1. The normalization factor is

wheregM ) (2πb2/3)3/2 for the discrete Gaussian chain model.
The factor (n(1)!n(2)!‚‚‚)-1 in eq 5 accounts for the indistin-
guishability of the polymers of the same length. Performing the
summations overn(NB) for NB ) 1, 2, ... gives

where the effective Hamiltonian is

andzM ≡ (gM/λT
3)eµM is a dimensionless monomer activity.

Consider a polymer withN monomers. To this point, we have
used a discrete Gaussian chain withNB ) N beads to describe
this polymer. It is also possible to represent this polymer with
a discrete chain ofNB . N beads. In the limit asNB f ∞, while
matching the radii of gyration of the model and real chains, we
obtain the continuous Gaussian chain model in which a
continuous space curve represents a polymer of lengthN. For
our equilibrium polymer model, the effective Hamiltonian
becomes

where the single chain partition function is now the path integral

whereRN(s) denotes a positions∈ [0, N] on a continuous space
curve of a polymer of lengthN, the functional integration is
over all possible space curves, andU0(RN) ) (3/(2b2))∫0

N

|dRN(s)/ds|2 ds is the harmonic stretching energy. Since the
normalization factorQ0(N) ) ∫DRNe-U0(RN) scales linearly with
the volume, we express it asQ0(N) ) VgM

N-1 wheregM is a
monomer volume independent ofN andV. One can show that

whereq(r ,N;[iw]) is obtained by solving the complex diffusion
equation

with the initial conditionq(r ,0;[iw]) ) 1. One of us gives an
alternative derivation of this continuous Gaussian chain model
for equilibrium polymers elsewhere.11

Observables in this field theoretic model are obtained by
functional integrals over the complex fieldw(r ) of the appropri-
ate functionals

where〈A〉 is the ensemble average of an observable andA[w]
is the corresponding functional. For the continuous Gaussian
chain model, one can show that the functional for the total
monomer density is

so then

is the contribution to the total monomer density from polymers
of lengthN. The functional for the polymer length distribution

gives the number density of polymers of lengthN. This
distribution is not necessarily exponential inN. Similar func-
tional expressions for the density and polymer length distribution
can be derived for the discrete Gaussian chain model of
equilibrium polymers.

3. Analytic Results

3.1. Mean-Field Solution for Bulk System.For smallu0,
the quadratic term in eq 6 constrainsw(r ) to a narrow harmonic
well near zero for allr . In the limit asu0 f 0, w(r ) ≈ 0 for all
r , soQ(N;[0]) ) 1. Then the polymer length distribution

is exponential for the physically relevant valueszM ∈ (0, 1).
We defineN0 ≡ -(ln zM)-1 as the characteristic polymer length
for an ideal equilibrium polymer. We express all position vectors
x ≡ r /Rg0 in units of Rg0 ) (N0/6)1/2b, the ideal radius of gy-
ration of an average polymer, and define a scaled field
W(x) ≡ N0w(x). The Hamiltonian becomes

wherel ≡ N/N0.

¥(µM,V,T) ) ∑
n(1),n(2),...)0

∞ 1

n(1)!n(2)!‚‚‚
∫Dwe-1/(2u0)∫w(r )2dr

× ∏
NB)1

∞ (e-2h(eµM

λT
3)NB

Q0(NB)Q(NB;[iw]))n(NB)

(5)

Q(NB;[iw]) )

Q0(NB)-1∫dr1...drNB
e-U0(NB;{0,0,...,n(NB))1})-∑i)1

NBiw(r i)

Q0(NB) ) ∫dr1...drNB
e-U0(NB;{0,0,...,1}) ) VgM

NB-1

¥(µM,V,T) ) ∫Dwe-H[w]

H[w] )
1

2u0

∫w(r )2 dr - e-2h V

gM
∑

NB)1

∞

zM
NBQ(NB;[iw])

H[w] ) 1
2u0

∫w(r )2 dr - e-2h V
gM

∫0

∞
dN zM

NQ(N;[iw]) (6)

Q(N;[iw]) )
∫DRNe-U0(RN)-∫

0

N
iw(RN(s))ds

∫DRNe-U0(RN)
(7)

Q(N;[iw]) ) 1
V∫q(r ,N;[iw]) dr

∂

∂s
q(r ,s;[iw]) ) b2

6
∇2q(r ,s;[iw]) - iw(r )q(r ,s;[iw])

〈A〉 )
∫DwA[w]e-H[w]

∫Dwe-H[w]
(8)

F(r ;[iw]) )
e-2h

gM
∫0

∞
dN zM

N ∫0

N
q(r ,s;[iw]) q(r ,N - s; [iw]) ds

F(r ,N;[iw]) ) e-2h

gM
zM

N ∫0

N
q(r ,s;[iw]) q(r , N - s; [iw]) ds

p(N;[iw]) ) 1
NV∫F(r ,N;[iw]) dr ) e-2h

gM
zM

NQ(N;[iw])

p(N;[0]) ∼ zM
NQ(N;[0]) ) exp(-[-ln zM]N) (9)

H[W] )
Rg0

3

2u0N0
2 ∫W(x)2 dx - e-2h V

gM
N0 ∫0

∞
e-lQ(l;[iW]) dl
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In this paper, we consider mean-field solutions that require
finding the saddle pointW*(x) that satisfies

Since we are only interested in physically relevant saddle points
that give a real valued density, eq 10 implies thatW*(x) must
be purely imaginary. Hence, we define a real fieldP(x) ≡ iW(x),
and the mean-field equation becomes

where the total density is

with t ≡ s/N0 and the propagator satisfies the modified diffusion
equation

with the initial conditionq(x,0;[P]) ) 1. The real valued nature
of P(x) and the initial condition imply thatq(x,t;[P]) is real for
all x andt, so thenF(x;[P]) is real for allx. Combining eqs 11
and 12 into

shows that only the dimensionless parameterΓ ≡ (u0/gM)e-2hN0
3

matters in determining the mean-field solution for this equilib-
rium polymer model. Once we use this mean-field equation to
find the saddle pointP*(x), we can calculate the monomer
density from one polymer length

and the polymer length distribution

where

is the single chain partition function.
For this field-theoretic model subject to periodic boundary

conditions, there exists a homogeneous saddle pointP*(x) )
Ph independent ofx which corresponds to the mean-field
solution for a bulk system. The position independent nature of
this saddle point impliesq(x,s;[Ph]) ) exp(-Phs), which gives

for the bulk density. Equation 11 becomesPh ) u0F0N0, which
implies thatPh must satisfy the cubic equation

SinceΓ ≡ (u0/gM)e-2hN0
3 > 0 for good solvent conditions, one

can prove there exists a unique real rootPh > 0. The bulk
polymer length distribution

is exponential with a characteristic lengthlh ) (1 + u0F0N0)-1

in units ofN0. Sinceu0F0N0 > 0, this field-theoretic model with
excluded volume always gives a bulk characteristic length
shorter than the ideal characteristic length. Moreover, the
characteristic length decreases with increasing excluded volume
parameter and density. This is strikingly different from a solution
of fixed length homopolymers in which chain length is
independent of these two parameters.

We consider scaling predictions of this bulk mean-field
solution in two regimes. Ifu0F0N0 , 1, lh ≈ 1 so the unscaled
characteristic length〈N〉 ≈ N0 is determined byzM. In this regime
of dilute, ideal equilibrium polymers, eq 17 implies the scaling

which has been derived previously by other mean-field argu-
ments.26 If u0F0N0 . 1, lh ∼ (u0F0N0)-1 andF0 ∼ e-2hlh2 give
the scaling

for the bulk characteristic chain length.
Since the characteristic polymer length changes with excluded

volume parameter and density, the physical picture of polymer
overlap in a semi-dilute solution of equilibrium polymers is
different from a solution of fixed length homopolymers. The
ideal radius of gyration for a polymer of lengthlh defines a
length scaleRgh ) (1 + u0F0N0)-1/2 in units of Rg0, and we
compare this with the Edwards correlation lengthêE )
(2u0F0N0)-1/2 in units ofRg0. The conditionu0F0N0 ) 1 denotes
a crossover from a dilute to a semi-dilute solution in which
polymers overlap. We plotRgh andêE as well asRgh - êE in
the semidilute regime in Figure 2. The difference between these
two length scales provides a measure of polymer overlap that
shows a peak atu0F0N0 ) 41/3/(2 - 41/3) ≈ 3.85. Asu0F0N0

increases, the mean-field approximation predicts that both length
scales converge to zero, so the system becomes a melt of
primarily monomers. We note that a length scale similar toRgh

Figure 2. Plot of the radius of gyration of a polymer of average length
Rgh, the Edwards correlation lengthêE, andRgh - êE in units ofRg0 for
u0F0N0 g 1. The lengthRgh - êE, a measure of polymer overlap, exhibits
a maximum atu0F0N0 ≈ 3.85.

ph(l) ∼ e-lQ(l;[Ph]) ) e-(1+Ph)l

〈N〉 ≈ N0 ∼ (F0gM)1/2eh (19)

lh ∼ Γ-1/3 ) (u0

gM
)-1/3

e2h/3N0
-1 (20)

1

Rg0
3

δH[W]

δW(x) |W*(x)
)

W*(x)

u0N0
2

+ i
F(x;[iW*])

N0
) 0 (10)

1

Rg0
3

δH[P]

δP(x) |P*(x)
) -

P*(x)

u0N0
2

+
F(x;[P*])

N0
) 0 (11)

F(x;[P]) ) e-2h

gM
N0

2 ∫0

∞
e-l(∫0

l
q(x,t;[P]) q(x,l-t;[P]) dt) dl

(12)

∂

∂t
q(x,t;[P]) ) ∇2q(x,t;[P]) - P(x) q(x,t;[P]) (13)

P*(x) ) Γ ∫0

∞
e-l(∫0

l
q(x,t;[P*]) q(x,l-t;[P*]) d t) dl (14)

F(x,l;[P]) ) e-2h

gM
N0

2e-l∫0

l
q(x,t;[P]) q(x,l-t;[P]) dt (15)

p(l;[P]) ∼ e-lQ(l;[P]) (16)

Q(l;[P]) )
Rg0

3

V ∫q(x,l;[P]) dx

F0 ≡ F(x;[Ph]) ) e-2h

gM

N0
2

(1 + Ph)
2

(17)

Ph
3 + 2Ph

2 + Ph - Γ ) 0 (18)
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has appeared in the analysis of a field-theoretic model that
considers equilibrium polymers near an interface.25

3.2. Scaling Arguments for Confinement.For an equilib-
rium polymer confined between two repulsive plates, we develop
arguments for how the characteristic polymer length scales with
L, the dimensionless distance between the plates in units ofRg0.
While the results in this section have been stated previously,21

we present an alternative, simpler argument for these scaling
relations. Moreover, these scaling relations will help in under-
standing our numerical results. For a dilute, ideal system, we
assume a free energy density in units ofkT of

where the terms to the right of the equality correspond to
translational entropy, energy of bonding, and the confinement
free energyFC, respectively.21 For an ideal system,FC includes
only a confinement entropy, which scales as (N/N0)L-2 for a
polymer of lengthN.5 In this case the confinement entropy for
a system of equilibrium polymers is

We determine the distributionp*( l) that minimizesF with
respect to the constraint

using a Lagrange multiplier method

whereλ is the Lagrange multiplier. For a bulk system in which
L . 1, the confinement entropy is negligible and the bulk
characteristic length islh ) 1/(λN0). Satisfying the constraint
in eq 21 implies the scaling relation in eq 19. The inclusion of
the confinement entropy gives a confined characteristic length
lc ) lh/(1 + lhL-2). For an ideal equilibrium polymer in
confinement, the polymer length distribution remains exponen-
tial with a shorter characteristic length. For strong confinement
in which L , 1, we obtain the scaling relation

This implies that the radius of gyration of an ideal polymer
with average sizeRg ∼ lc1/2 ∼ L scales linearly with the
confinement length, which provides a physical picture of
confinement in which the average of the exponential distribution
changes so that a polymer of average length fits between the
plates.

Now consider a dilute system in good solvent. Since each
chain exhibits excluded volume statistics, the confinement
entropy of a polymer of lengthN scales as (N/N0

5/6)L-5/3 so
then

Repeating our previous analysis gives the scaling relation

so in tight confinement the radius of gyration of an average
polymer with excluded volume statistics,Rg ∼ lc3/5 ∼ L, scales

linearly with the confinement length. While we have neglected
a repulsive energy proportional toF0

2, we obtain the same
physical picture of equilibrium polymer confinement as in the
ideal situation. We also expect this scaling relation to hold for
semi-dilute solutions in whichL < ê, whereê is the mesh or
“blob” length. In this regime, the behavior will be dominated
by single chains with excluded volume statistics.

4. Numerical Methods for Confined System

When an equilibrium polymer is confined between two
repulsive parallel plates, observables such as the density become
inhomogeneous, and numerical methods are necessary to find
the solutions to eq 11. In the mean-field approximation for this
geometry, we assume that quantities such asP(x) are constant
in the two dimensions parallel to the plates and perform a one
dimensional calculation in the perpendicular dimension. Ifx is
a dimensionless scalar length perpendicular to the plates, we
model the effect of two repulsive plates atx ) 0, L by imposing
Dirichlet boundary conditions on the propagator

for x ) 0, L and t g 0. These boundary conditions also imply
that the densities in eqs 12 and 15 vanish at the plates.
Physically, the plates correspond to an infinite potential outside
the regionx ∈ (0, L) that forbids the equilibrium polymer from
escaping this region. Moreover, formulating this model for
confined equilibrium polymers in the grand canonical ensemble
implies that the confined system can exchange particles with a
bulk reservoir with the properties described in section 3.1.

We begin each simulation by choosing initial values forP(x).
Since the mean-field solutionP*(x) scales linearly with the
density that looks roughly sinusoidal in previous calculations
on confined polymers,1 we setP(x) ∼ sin(πx/L). The diffusion
equation in eq 13 is solved with a pseudo-spectral algorithm
described elsewhere.11 To implement this algorithm, we repre-
sent the propagator and other functions ofx at discrete points

for i ) 1, 2, ...,M and employ the fast sine transform in the
fftw packages14 to obtain a spectral representation of the
propagator

where we useM ) 255. Because of the polydispersity of the
equilibrium polymer, one would ideally solve forq(x,t;[P]) for
all t g 0. But sincet ) 1 corresponds to the bulk characteristic
polymer length and we expect a shorter average length in
confinement, we solve for the propagator in the intervalt ∈
[0, 5] with a contour step size∆t ) 0.005. Calculations with
larger intervals give the same results.

We calculate the density in eq 12 using Simpson’s rule to
evaluate the quadratures over the polymer lengthl. This allows
us to evaluateδH[P]/δP(x) with eq 11 and update the field
according to

where the subscripts on the field denote the iteration step and
ú > 0 is an arbitrary relaxation parameter. This succession of
fields is simply a method of finding the inhomogeneous saddle

F ) N0 ∫0

∞
p(l) ln[p(l)b3] dl + N0 ∫0

∞
2hp(l) dl + FC

FC ) N0 ∫0

∞ l

L2
p(l ) dl

F0 ) N0
2 ∫0

∞
lp(l) dl (21)

p*( l) ∼ e-2h-λN0l-l/L2

lc ∼ L2 (22)

FC ∼ ∫0

∞ l

L5/3
p(l ) dl

lc ∼ L5/3

q(x,t;[P]) ) 0

qi(t;[P]) ≡ q(iL/(M + 1),t;[P])

ak(t;[P]) ) 2∑
i)1

M

qi(t;[P]) sin( kπi

M + 1)

Pj+1(x) ) Pj(x) + ú
δH[P]

δP(x) |Pj(x)
(23)
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point and does not correspond to any physical dynamics. Each
new field requires the calculations described in the previous
paragraph to calculate eq 11, and we iterate this process until a
field P*(x) satisfies the error criteria that the average value of
|δH[P]/δP(x)| is less than 10-4. Note that formulating our self-
consistent field theory in terms of a real fieldP(x) instead of a
complex fieldW(x) reduces the saddle point search space by
half. With this inhomogeneous saddle point, we use

to determine the polymer length distribution from eq 16. We
calculate the characteristic length using

and the total and one length densities using eqs 12 and 15,
respectively. We use Simpson’s rule to evaluate the quadratures
over l, rather than the Gauss-Laguerre quadrature over the
interval [0,∞) employed in previous studies of polydispersity.13

Another quantity of interest is

the ratio of the average density between the plates and the bulk
density.

5. Confinement Results

For all numerical results, we setN0 ) 50. While only Γ
matters in determining the bulk mean-field properties of this
model, we must specifyN0 in confinement since we expressL
in units ofRg0 ) (N0/6)1/2b. First, we consider the polymer length
distribution, examples of which are shown in Figure 3. For all
systems considered in this study, we find exponential length
distributions in the mean-field approximation. This is consistent
with previous particle simulations.18 Physically, the repulsive
walls do not affect the statistically independent way in which
monomers can form linear polymers. With this simple polymer
length distribution, it suffices to consider the confined charac-
teristic lengthlc for each system.

We investigatelc as a function ofL for various values ofΓ
in Figure 4. At smallL, the characteristic length is independent
of Γ and scales aslc ∼ L2, ideal equilibrium polymer behavior.
Moreover, the data in this regime match the analytic prediction
of Schmitt et al. for dilute, ideal equilibrium polymers between
two repulsive parallel plates21

Later, we present data that show the density in confinement is
low enough for smallL to expect dilute behavior. In all of our
calculations, we do not observe the scalinglc ∼ L5/3 for excluded
volume statistics because the mean-field approximation does
not account for density correlations between monomers from
different parts of the same chain. AsL becomes large,lc
approaches the bulk characteristic lengthlh for each value of
Γ. Also, our numerical data approach the ideal equilibrium
polymer prediction in eq 25 as the excluded volume parameter
u0 becomes small, which corresponds toΓ f 0. The data in
Figure 4 are qualitatively consistent with previous particle
simulations.19

Figure 5 shows howlc varies withΓ for different values of
L. For largeΓ, the characteristic length approaches the bulk

Figure 3. A semi-log plot of the polymer length distribution forN0 )
50 andΓ ) 100 for different confinement lengthsL. The distributions
are all exponential, and the characteristic length decreases asL
decreases.

Q(l;[P]) )
2

π(M + 1)
∑

k)1,3,5...

ak(l;[P*])

k

〈l〉 )
∫0

∞
lp(l;[P*]) d l

∫0

∞
p(l;[P*]) d l

R ≡ 1
F0L

∫0

L
F(x;[P*]) dx (24)

Figure 4. A log-log plot of the characteristic polymer lengthl vs
confinement lengthL for N0 ) 50. The discrete symbols are confined
systems for various values ofΓ, and the solid line is the analytic
prediction of Schmitt et al. in eq 25 for dilute, ideal equilibrium
polymers confined between two repulsive parallel plates.21 The bulk
characteristic lengths are 0.682 forΓ ) 1, 0.393 forΓ ) 10, 0.200 for
Γ ) 100, and 0.0967 forΓ ) 1000.

Figure 5. A log-log plot of the characteristic polymer lengthl vs Γ
for N0 ) 50. The discrete symbols are confined systems for various
values ofL, and the solid line is the bulk characteristic length obtained
through the solution of eq 18.

lc
id )

1 - (3/L) tanh(L/2) + cosh-2(L/2)/2

1 - (2/L) tanh(L/2)
(25)
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characteristic length given by the solid line. LargeΓ implies
either large excluded volume potential or a large energy increase
upon bonding, both of which lead to short characteristic lengths.
For eachL, Γ approaches a value such that the radius of gyration
of the bulk equilibrium polymer becomes much smaller than
L. In this regime, the confined equilibrium polymer does not
feel the effect of the plates and behaves like a bulk system. For
smallΓ, the bulk characteristic length approaches 1 due to either
a small excluded volume potential or a large energy decrease
upon bonding. In confinement,lc does not reach this bulk
characteristic length and instead approaches a limiting value
for eachL.

We now consider the inhomogeneous density profiles for
confined equilibrium polymers. For comparison purposes, we
normalize each profile so that the area under it is 1. Figure 6
shows the profiles for polymers of different length forL ) 1
andΓ ) 100. The profile is narrowest for polymers of length
2lc, wherelc ) 0.089 for this system. This narrow profile results
from the high conformational entropy for long polymers to
reside near the wall. Polymers of lengthlc feel less of an entropy
penalty, which results in a wider density profile. For unbonded
monomers in the system, we showF(x,N0

-1;[P*]) from eq 15
with the dotted line. Physically, we expect an enhanced
monomer density near the wall since monomers do not feel the
same entropic force as long polymers. However, an entropic
depletion of the monomer density is observed due to the
Dirichlet boundary conditions imposed on the propagator. There
are also inherent errors in representing a monomer as a very
short Gaussian chain. An alternative for the monomer density
is the density of a single particle in an external field11

Near the wall, we view this density profile as the limiting
behavior asx f 0, L which drops discontinuously to zero at
x ) 0, L. This profile shows a monomer enrichment near the
wall, behavior which qualitatively agrees with particle simula-
tions.18 Moreover, the mean-field equation in eq 11 implies the
physically reasonable result that this enrichment becomes more
pronounced as the density increases.

For L ) 1, Figure 7 shows the normalized total density from
eq 12 for various values ofΓ. Since largeΓ implies shorter
characteristic lengths, we obtain wider profiles for largeΓ due
to the smaller conformational entropy penalty for shorter

polymers. AsΓ becomes small, the density profile approaches
the analytic result of van der Gucht et al.

for a dilute, ideal equilibrium polymer confined between
repulsive parallel plates.24 The previous equation corresponds
to their result for the density profile asC f ∞ sinceC-1 is the
dimensionless length scale for the surface attraction. To compare
the unnormalized total density for differentΓ, we plot R, the
ratio of the volume-averaged confined density to the bulk density
given in eq 24, versusΓ for different L in Figure 8. AsΓ
decreases,R decreases monotonically, implying that density
shifts from the confined region to the bulk reservoir. This occurs
because smallΓ encourages the formation of long polymers
that feel a conformational entropy penalty in confinement. As
Γ increases,R approaches 1 for allL since unbonded monomers
and short polymers are equally likely to exist between the plates
as in a bulk reservoir.

Lastly, we considerR as a function ofL for different Γ in
Figure 9. LargeL corresponds to a bulk system, soR f 1 as
L f ∞. As L decreases,R decreases as polymers are squeezed
out into the bulk reservoir. ForL e 0.5, the average density in
confinement is at least an order of magnitude less than the bulk
density, so it is reasonable that the analytic prediction for dilute

Figure 6. Plot of density profiles for polymers of various length for
N0 ) 50,L ) 1, andΓ ) 100. The line labeledF(N0

-1) corresponds to
the monomer density in eq 12, and the line labeledFM is the density
for a particle in an external field given in eq 26. The area under each
density profile is 1.

Figure 7. Plot of the density profiles forN0 ) 50 andL ) 1 for various
values ofΓ. The solid line indicates the analytic result of van der Gucht
et al. in eq 27 for dilute, ideal equilibrium polymer.24 The area under
each density profile is 1.

Figure 8. A log-log plot of R, the ratio of the volume averaged
confined density to the bulk density, versusΓ for N0 ) 50. The discrete
symbols are confined systems for various values ofL.

FM(x;[P*]) ) e-P*(x)/N0 (26)

Fid(x)
F0

) (1 -
cosh(x - (L/2))

cosh(L/2) )2

(27)
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equilibrium polymers in eq 25 corresponds to the numerical
data in Figure 4. AsΓ f 0, our data approach the analytic result

of Schmitt et al. for an ideal equilibrium polymer.21 This result
corresponds to the volume average over the confinement region
of the density profile in eq 27.

6. Conclusion and Discussion

We have formulated a field-theoretic model for equilibrium
polymers with excluded volume using the Gaussian chain model.
Our formalism can be readily extended to treat equilibrium
polymers that form rings. The numerical treatment of the
inhomogeneous properties of ring-forming systems, however,
requires the evaluation of a two-point propagator that is
considerably more expensive to evaluate. Other possible variants
of this theory include using the wormlike chain model11 to
investigate semiflexible equilibrium polymers. Moreover, the
energy of bonding model for chemical equilibrium and grand
canonical framework will be useful in formulating models of
other supramolecular systems in which reversible bonding
influences the thermodynamics. One interesting example is a
three component graft copolymer system in which different
microphase separated morphologies can be accessed with
temperature.20 Field-theoretic models of such systems can aid
in designing materials with unique temperature-dependent
properties.

In the mean-field approximation for our equilibrium polymer
model, we find an exponential length distribution in the bulk
homogeneous phase with a characteristic length that decreases
with increasing excluded volume parameter and density. Also,
the extent of polymer overlap in a semi-dilute solution of
equilibrium polymers decreases with increasing density in the
mean-field approximation. In strong confinement, equilibrium
polymers are ideal due to the low density between the plates.
For any confinement length, the characteristic length approaches
the bulk characteristic length as either the excluded volume
parameter becomes large or the energy increase upon bonding
becomes large. As the excluded volume parameter becomes
small, our numerical data approach the analytic predictions for
dilute, ideal equilibrium polymers confined between two parallel
repulsive plates.21,24

We anticipate that this field-theoretic model will be useful
in studying other aspects of equilibrium polymers. An exciting

possibility is going beyond the mean-field approximation and
sampling the field theory with Monte Carlo or complex
Langevin methods.11,12In a bulk system, these calculations might
verify nonexponential polymer length distributions suggested
by scaling arguments.26 Also, this model could serve as a basis
for understanding the dynamics of equilibrium polymers,
possibly through a complex Langevin approach introduced by
one of us.10 This type of study has implications for understand-
ing the rheological properties of micelle forming surfactant
systems.16
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